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NECESSARY CONDITIONS FOR THE CONVERGENCE OF
CARDINAL HERMITE SPLINES AS THEIR DEGREE
TENDS TO INFINITY
BY
T. N. T. GOODMAN

ABSTRACT. Let §,, denote the class of cardinal Hermite splines of degree n
having knots of multiplicity s at the integers. In this paper we show that if
f» = f uniformly on R, where f, € §, , i, > 00 as n — o0, and f is bounded,
then f is the restriction to R of an entire function of exponential type < s. In
proving this result, we need to derive some extremal properties of certain
splines &,, € §,,,, in particular that ||&,,||,, minimises ||S||,, over S €
s With | S|y, = IED]| -

1. Introduction. Forn = 1,2,... and 1 < s < n, let
T ={fEC"*R): fl(r,v + 1) € C" (v,» + 1)] and

f@= absolutely continuous on (v, » + 1), V » € Z}.
We let §,, denote the set of all cardinal spline functions of degree n in
% . ie.,

'n,s>
Sy ={SEC"R):S|(r,v+1)E W, Vv EL},
where 7, denotes the set of all polynomials of degree at most n.

Throughout this paper, || f|| will denote ess sup, x| f(x¥)|.

In [6] Lipow and Schoenberg have shown that forodd n, 1 <s < %(n + 1),
and any function f with f® of power growthon R, » = 0,1,...,s — 1, there
is a unique §,, € §,, of power growth such that S interpolates f at the
integers. In [8] Marsden and Riemenschneider have shown that if f is the
Fourier-Stieltjes transform of a measure on (—s, s7), then S — f® uni-
formly on R as n—> o0, » =0,1,...,s5s — 1. The case s = 1 had previously
been proved by Schoenberg [10] who established in [11] the partial converse
that if f is bounded on R and S, ; — f uniformly on R as n — o, then f is the
restriction to R of an entire function of exponential type < .

In §4 of this paper we generalise Schoenberg’s result by showing, in
particular, that for any s = 1,2,..., if f is bounded on R and §,,—> f
uniformly on R as n — oo, then f is the restriction to R of an entire function
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of exponential type < sw. To establish this result we need some extremal
properties of certain splines &, € §, , which may be regarded as generalisa-
tions of the Euler splines employed in [11]. For odd s these were defined by
Cavaretta in [1]. In §2 we define &, , for even s and show that for all s,
FEGLIfll <1=|6,,| and || f@| < ||&3)] implies
If P +)<|6RF+), VveZandk=n-s,...,n—1L

In [1] Cavaretta shows that for odd s, § = &,, minimises ||.S|| over all

S €5, with
SO, v + 1) =(-1)"|&%)), VveL

In §3 we show that for all 5, § = &,, actually minimises ||S| over all
S € §,, with [|S@| = |ED].

2. The Euler-Chebyshev splines. In [1] Cavaretta shows there are functions

b,, in 5,, for n =12,... and odd s < n, characterised by the following
properties:

b,s(x +1)=(-1)’6,,(x), Vx€ER, 2.1

b, .(x) equioscillates between —1 and 1 at points
0< B <---<B, <1, (22)
&, is even or odd about x = 1 as n is even or odd, (2.3)
&0)(x) > 0o0n (0, 1). (24)
We now construct functions &, in &, forn =12,... and evens <n

which are also characterised by properties (2.1)—(2.4).
We shall need the following lemma. Its proof is almost identical to that of
Proposition 1 in [1] and so will be omitted.

LemMa 1. Let { fi(x), . . ., fi(x)} be a Chebyshev system in [a, b] and define
8(x) = (x — a)(x — b)f(x), i=1...,k

Let F(x) be a continuous function on [a, b] which vanishes at a and b. Then
there exists a unique linear combination S*_ a,8(x) of best approximation in
the uniform norm to F(x). This best approximation is uniquely characterised by
a (k + 1)-point equioscillation property, i.e. there exist k + 1 points a < x,
< -+« » < X341 < b where the error function assumes the value of its norm with
alternating signs.

We first consider the case of odd n. For any p,q, 1 < ¢ < p, we define

Vaprrzg = {f € mptl[0, 1]:FE0) =0, i=0,...,p~ g,
f@(3)=0, j=0,...,p}.

It follows from the theory of Jerome and Schumaker [3] and Lorentz [7]
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that dim ¥,,,,,, = ¢ and any f in V,,,,,, has at most ¢ + 1 zeros in [0,3].
Thus if x(x — 3)f(x), i=1,...,q, form a basis for V,,, ,, then
{fi(x), . . ., f,(x)} form a Chebyshev system on [0, 3].

Now take any odd »n and even s, 4 < s <n, and take any f in V,; with
f® > 0. Let F denote the best approximation to f in the uniform norm in
Va-25-2- Then by Lemma 1, f — F equioscillates at points 0 < 8, < - - - <
B2 <3.Let G = (f — F)/||f — F|| and define &,, in 5, by

) G(x), 0<x<3,
e -D"G(1-x), i<x<1,
b,;(x+1)=256,,(x), Vx€R. 2.5)
For s = 2, let G be the element of V,, with ||G|| = 1 and G® > 0, and
again define &, by (2.5). Since G(0) = G(3) = 0, 3 B, € (0, 3) with |G(B))|
= 1, and 50 &,, equioscillates at 8, and 8, = 1 — B,. Thus for all even s, &,,,

is characterised by properties (2.1) to (2.4).
Next consider even n. For any p,q, 0 < g < p, define

Vipag = {f € mpl[03]: F®*P©@) =0, i=0,...,p—g—1,
f@D(3) =0, j=0,...,p—1}.

Then dim V),,, = ¢ + 1 and any f in V,,,, has at most g zeros in [0, 1)
Thus any basis for ¥, ,, forms a Chebyshev system.

Now take even n and even s, 2 < s < n, and take any fin V, with f® > 0.
Let F denote the best approximation to f in the uniform norm in V,_,,_,.
Then f — F equioscillates at points 0 < 8, < - - - < Bja+1 < % Now f' —
F’isin V,_,, and so has at most 35 — 1 zeros in (0, 3). Thus B, = 0 and
B.j241 =1.Let G = (f— F)/||f — F|| and define b, in S, by (2.5). Then
again &, , is characterised by properties (2.1)—(2.4).

We note that, form =12, ...,

g2».—1,1(") = (-1)"6,,,-1(x),
62m,l(x) = (_1)m62m(x - %)’ (2'6)

where &, denotes the Euler spline of degree n, see [11].
We also note that, forn =12, ...,

bpn(x)=T,2x—-1), Vx€[01]

where 7, denotes the Chebyshev polynomial of degree n.

It therefore seems appropriate to refer to &, , as Euler-Chebyshev splines,
or ET-splines, following the similar terminology introduced by Cavaretta in
[1]. They satisfy the following extremal property which is related to a theorem
of Kolmogorov (see [2]).
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THEOREM 1. Suppose fin ¥, ; satisfies
<1 and |F™<|I&32 @7
then
lf(k)(v+)|<|5f,’f}(v+)l, VveZ k=n-s,...,n—1

PROOF. We use an elementary and powerful technique introduced by
Cavaretta [2].

Without loss of generality we may take » = 0. Suppose f in ¥, satisfies
(2.7) and is periodic of period an even integer K. We shall assume | f¥(0 + )|
> |68 + )| for some k, n — s <k <n—1, and reach a contradiction.
Choose A so that Af®(0 + ) = EX(0 + ) and let g = &,, — M, noting that g
is also periodic of period K.

Since |]Af|| < ||&,,]l and because of the equioscillation of &, ,, g has at
least Ks distinct zeros per period. Thus, by repeated application of Rolle’s
theorem, g~ has at least Ks distinct zeros per period. If k = n — s, then
g"~9(0) = 0 and so g”~**" has at least K(s — 1) + 1 zeros per period which
are not at integers. If k > n — s, then g”~**" has at least K(s — 1) zeros per
period which are not at integers, and so g® has at least K(n — k) zeros per
period which are not at integers. But g®(0 + ) = 0 and so g**? has at least
K(n — k — 1) + 1 changes of sign per period which are not at integers. Thus
for all k, g™ has at least one change of sign per period which is not at an
integer. But this contradicts [Af™(x)| < &™(x)| in every interval (», » + 1),
veELZ

We may extend to nonperiodic f in precisely the same manner as in [2]. [

3. An extremal property of ET-splines. For n =1,2,..., 1 <s <n, and
numbers ay, . . . , a,, A, we define

M(ay, ..., 05N
1 e a-» 0 o - - - 0
a, o 1 a-» 0
o -l 1 G) a-%

0

=| ot o0 1 (n;s) <n;s)...<:::_l>(1_)\)

0 ()6
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This determinant has the following properties, which follow from the work
of Micchelli [9] or by using the method of Lee and Sharma [5).

For fixed 0K o; <a; < -+ <, <1, I, A= (ay,...,a;N is a
polynomial in A with real distinct roots of sign (-1)’. If a; > 0, II,(A) =
a\"**!l 4+ .., where sign a = (-1)¢+*D+s+D If o =0, II,A) = aA"~*

+ ..., where sign @ = (-1)¢+D*9)_If the nonzero a;,, i =1,...,s, are
symmetric about %, then IT,(A) is reciprocal.

Now fix0< a; <a, < - -+ <a,<landtaker,1 <r <s.Forx € [0, 1]
we define

IO(x,A) =T, (ap - s Qs X5 Qpypy - - - Q3 A)
= PN T+ p (XN - p, (%)

Then it is easy to show that
; )
Yy =22nen, j=o0...,n—s (3.1)
ox’ ax’
and
II(ay, A) = 0, i#r. (3.2)
We now define the ‘B-spline’
B(x)={p,(x-v), x€[n,r+1), v=0,...,n—s+1,
" 0, x<Oandx >n-—s+ 2.

From (3.1) we see that B, € §,, and from (3.2) we have B,(a; + ») = 0 for
ally € Zandi #r. Also

o0
2 B(x+pn)r=1""(x, 1), x€[0,1). (3.3)
y=_—o0
Now assume
IO(ay,...,a; (-1)°) #0. (34)
Then following the method of Schoenberg [11], we may write
0 ~1 0
{ > B+ a,)t'} = > ot 3.5)
y=—00 y==—o0

where the series is convergent on some annulus about |[f| =1 and |w,| =
O(B)asv— oo forsome0 < B < 1.
We now define the ‘fundamental spline’

o0

L(x)= y_z_w w,B,(x — »).

Then

00

Lr(k + a’) = y-z_ww'B’(k + af - v)

=8, VkeZ by(3s).
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It follows from the theory of [9] thatif S € &, is of power growth, then
S(x) = 2 2 S(k + a)L,(x = k). (3:6)

re=1 k=-c0
Now take x in (0, 1). Then
8 H(x, N=CD)" " 00, (g ey @ Gy - - - @5 A).

So, by (3-3),
0
> B™M(v + x)t”

y=—00

=D e, (g g Gy s a5 £ (3T)
Now

o0
Lk +x)= Y «B™(k+x—7»)
p=——o0
and so
-} o0 o0 .
> L™(k + x)trk = ( >, w,.t‘)( > B™W(G + x)t’).
k=—c0 i=—o0 Jj=—o0

So by (3.7), (3.5) and (3.3),

S L™k + x)tk
k=—co
_ (—l)"+'+ln!H,.—l(al’ c ey ar—l’ ‘:,-...p e e oy a;; t_l) . (3.8)
H,,(ap SN S A )

Then from (3.8) and the properties of II,(A), we have the following result.

DKz + pit)

o0
L™k + x)tk = ifa, >0,
k-z—oo ( ) ;-iH.l(l AJt) l
1 r+s+lK 1+ t
=( ) ,Hi-l( ) fa, =0, r>1,
;i = Ap)

_ KINZ{I( + )
23(1 = Ne)
where K, w, A; are constants (depending on 7, n, ay, . . ., @,) with K > 0 and
sign ; = sign A; = (-1)', V iyj.
We therefore have (see [4, p. 395]),

ifa, =0, r=1,

(_1)q+r+k SOdd,

(DT, seven,

sign L™ (k + x) = {
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where

1, ifa, >0,
q=[ : (3.9)

0, if a; = 0.
We are now in a position to prove our result.
THEOREM 2. If S € §, satisfies ||S|| < 1, then ||S™|| < ||&D)|].

Proor. Take B,,..., B, as in (2.2). By (2.3) we know the nonzero B,
i=1,...,s, are symmetric about % and so IL,(B,, ..., B,; A) is a reciprocal
polynomial in A. If » and s are both even or both odd, then 8, = 0. Otherwise
B, > 0. Thus in all cases, IT,(B,,..., B;; A) is a polynomial in A of even
degree and so

IO,(B8y ..., B; (-1)°)*0.

Since (3.4) is satisfied, we may define the ‘fundamental spline’ L, for
r=1,...,s. Thenforany § € §,, satisfying ||S| < 1, we have from (3.6),

s@|=| % k§ S(k + BYLE(x — k)

=-—o0

§ 0
<> | L& (x — k)| Vx€ER (3.10)
r=1 k=—oo

But it follows from (3.9) and (2.2) that equality is attained in (3.10) for
S=6,,. O

For s = 1 this result was proved by Schoenberg [11], and for s = n the
result follows immediately from the properties of Chebyshev polynomials.

It is clear from the proof of Theorem 2 that the condition ||S| < 1 in the

statement of the theorem can be replaced by the weaker condition
IS(k + B)|< 1, VkeZ, i=1,...,s.

4. Limits of cardinal splines. We need a further property of ET-splines.

LEMMA 2. For s =12,..., there are constants K, such that |62 <
K(sm)" foralln > sandv =0,...,n.

Proor. First suppose s is odd, s = 2¢ — 1. It follows from the work of [1]
that for any n > s,
Epe =8y + bpgy + 00 18, 00 4.1)
where y;, . . ., p,_; are chosen to minimise ||&,,,||.

We first consider odd »n > s. Then it follows from (4.1) and (2.6) that we
may write

gn,s = (_1)(n+l)/2 n/"¢n"’
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where
& cos(2r — 1)ax X cos(2r — Darx
4u(x) = 5, SRRy &1 ol — Yex
r=1 (2r — 1) r=1 (2r—-1)
o cos(2r — Dax
r=1 (2’_ _ l)n—-21+3
< cos(2r — 1)ax
r=1 (2" _ 1)n+l
and A(”, ..., A®, are chosen to minimise ||¢,]|.
LetA,, . .., A,_, be the unique solution of the equations
1+Qr—1D)A +---+Q@r—=1)*2_,=0, r=1...,¢—1
Let
< cos(2r — )ax
W) = 3 <2 U
r=t 2r—-1)
Then ||(2¢ — 3)**Yy,|| -0 as n — oo. Since |4, [| < [[¥all, 122 — 3)"*'¢,[| >0
asn—sooandsoforr=1,...,¢t—-1,
(21 -3
2r—1
SoAN? 5N asn—>o0,i=1,...,t— 1. Thus

+ .- +A5:)1

{1 + A{M(2r - 1)2 + - +AM2r ~- l)zx—z}’

{(1+M@r—1D2+ -« +A_,2r - 1))

n+1
) {1+APQr—1)+ - - +A®2r - 1)*7?} 50 asn— oo.

@1 = 70,0 = ) + aostt = e + o[ 2T1T)

where f,(x) is of the form 3'_}b,cos(2r — 1)mx and

r=1
a,sa=1+Q—1°\ 4+ - +Qt—-1D)*_,#0 asn—oo0.
Now for each n, there is an integer j, 1 < j < 2¢ — 1, such that

J .
f"(2t — )a,,cos;vr >0,

(572 p)|> e+ 0([%])

S ea) >8,  Vn>s. 4.2)

and so

(21 _ l)n+l

So 3 8§ > 0 such that

Writing

) = < cos(2r — )ax
&n(x) 21 -
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we have

28] < w'( + 1 iz + - ) <2m”
325
forn=12,... and» <n. Also ||g?|| =2||g" V|| < 47"~ 1. So

6 < 4z {1 + AP+ - - - +ADy]},  »<n,
and so there is a constant K such that
6| < K=" foralln >sand» < n. (4.3)
Thus

Ks
1B = 611/ llall < S 6% Vn>s v<n,

by (4.2) and (4.3).
The result for even n follows similarly.
Next suppose s is even, s = 2¢. We first note that

LN/ |8 = x -3, Vxe@D).

So
&nz2 = (-1)"""h/ A,
where
0 ( 1)k+l
cos 2k —-3)+ if n eve
= k W(x 2) 2 (Zk)n n,
h(x) = ) k+1
G ) A T
kgl 7 Sin 2kn(x —3) ifnodd.
It follows that for even n,
&,, = (-l)n/2 n/ ||all>
where
k+l )k +1

o, (x) =p + § ( cos 2km(x —§) + A{™ 2 cos 2km(x — 1)
k=1

( l)k+l .
o AT kzl e 2kn(x —3),

and p, A{”, ..., A®, are chosen to minimise ||¢,||.
For odd n,

= (-1, /|4,
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where
) (_1)k+l 0 (_1)k+1 .
é,(x) = 121 - sin 2ka(x — 1) + A kgl ——rsin 2kn(x — 1)
) o0 (_1)k+l . .
+ o A, El e 2kn(x — 1),
and A{", ..., A®, are chosen to minimise ||¢,]|.

The result now follows by the same method as for odd s. [J
We now apply Lemma 2 and Theorems 1 and 2 in proving the following:

LEMMA 3. For s = 1,2,..., there are constants L, such that if S in S,
satisfies || S|| < 1, then ||S®|| < L(sn)*, foralln > sandk < n — s.

ProoF. Take S in S, with ||S|| < 1. Then by Theorem 2, ||S®@|| < ||ED)]|.
So by Theorem 1,
|S® +)| <|6R(» +), Vv€EZ k=n-s+1,...,n-1
So by Lemma 2,
IS < K,(sm)" (4.4)
and
|S® +)|<K/(sm)", VvEZ k=n—s+1,...,n—1 (45)

It follows from (4.4) and (4.5) for k =n — 1 that ||S® V|| < 2K,(s7)".
Proceeding in this manner we deduce that

I8P < 5K, (sm)". (4.6)
Let T(x) = S(Mx), where M = [ K,s"*'7*]~!/®@=s+D_ Then
2%
|T(n—:+l)(x)| = Mn—x+l,s(n—s+l)(x)|
<[3Ksm '] K (sm)"  (by (46))
=2q""° < ||8f,"_‘,i+,')".
So by a theorem of Kolmogorov (see [2]), fork < n — s,
IT®) <62 41)| < 20%  (see [11]). 4.7)
So
||S(")|| =M~ T(")" <M~ kgk (by (4.7))

= 2[3K,(sm)' ]/ Vsm)* < L,(sm)",

where L, = max{2, K,(s7)’}. O
By the method of Schoenberg [11], we may deduce from Lemma 3 our final
result.
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THEOREM 3. For a given natural number s, suppose f, € 8,-" > Where i, — o0
as n— 0. If f, — f uniformly on R and f is bounded, then f is the restriction to
R of an entire function of exponential type < s.
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